Matrix Notation for the Regression Notes of DB DeLury

References:

SR Searle (1982) : Matrix Algebra

K Hoffman & R Kunze (1961): Linear Algebra

DAS Fraser (1976) : Probability and Statistics: Theory and Applications

Notation p1
| J—
Y Xo X Xp... X, x—(x0 X, X, ... X

Yo Xoa Xia Xon « -+ Xpo xu'Z(X(m Xio Xpq --- X, a=1..N
This data can be organized as a column vector y and a matrix X with N rows and p+1 columns.
At times, there is advantage to viewing X as a column of N row vectors X' each of length p+1 or
as a row of p+1 column vectors  X; each of length N.

Y1 Xot X - Xp Xy
1
Y Xp Xp -0 Xp X
1
NE Xo3 X3 --0 Xp| | X3
y=| .| X=| . : : ST T e X X e Xy
1
YN Xon XN .-+ XpN| | XN

Until one of the last sections in the notes, DeL.ury assumes X has full column rank. i.e that the
columns of X are linearly independent.

The usual restricted regression question p2

A regression is a conditional mean E(y|x')
A linear regression is E(y|x')=x'B where B'=(BO B, B, ... Bp)

The variance about regression is the conditional variance Var(y|x')=c"

Assumptions about the sample p3

E(y.|x,)=%,'B ory,=x,'B+e, withE(e,)=0 andE(e €,)=5,,0" so thatE(e€')=0" Iy
where E'Z(El €, € ...eN) and I, is an NxN identity matrix
E(y)=XB or y=XB+e€

The fitis Y=x'bandsoY_ =x,'band Y=XDb whereY':(Y1 Y, Y, ... Y,

The principle of least squares p4

E=S(y,~Y.J)’=(y-Y)'(y—Y)

o3



DeLury proceeds using calculus
OE _ 2S(y.—-Y )aY‘*— 2S(y.~Y. )x. . =—2(y-Y)'
abj - Y(x x ab] - Y(x [\ Xj(x_ y Xj

note: X; isthe jth columnof X

j=0,1,2...p

Collecting these p+1 equations as a row, we get: (y—Y)'X=0'
Or writing as a column (or taking the transpose): X'(y—Y)=0

andso X'Y=X'y andsinceY=Xb X'Xb=X'y

and then Ab=g whereA=X'X andg=X'y

soif AC=CA=I ,then: b=Cg

To avoid calculus, one can 'complete the square' [Fraser(1976) p378]:
E=(y-Y)'(y-Y)=(y—Xb)'(y—Xb)

= (b—(X'X) ' X'y)'X'X (b—(X'X) ' X'y)+y'y—y' X(X'X) "' X'y
The positive definite quadratic form z'X'Xz is 0 onlyif z=0 .

Best Linear Unbiased Estimates p5
[Matrix notation enables a complete solution]

b=Wy whereW':(w0 W, Ww, ...wp) and b,=w;'y

Using Eb=B then Eb=WXB=B andso WX=I
Varb=Var(Wy)=c°W W' [Fraser(1976) p200]

Using a 'complete the square' approach again [Fraser(1976) p386]:
WW's(W—(X'X) ' X)(W—(X"X)"'X")+(X'X)'=CC'+(X'X)""
CC' is an inner product matrix [Fraser (1976) p520] and so is positive semi-definite.

[DeLury offers an approach via Lagrange Multipliers that establishes p+1 conditions that are consistent
with the least squares solution]

Variances and covariances of the b's p6

Varb=(X'X)"'X'¢’IX(X'X) '=c¢*(X'X)™"
Estimation of the error variance p7

(y=-Y)(y-Y)=(y-Y)y—(y-Y)Y=(y-Y)'y—(y—Y) Xb
=(y=Xb)'y—(y-Y)'Xb=y'y-b'X'y-0=y'y-b'g

[the case Xx,=1 ??]



Tests of significance p8

b~N(B, o°(X'X)")andso b—B ~ N(0, o*(X'X)™")

accordingly (b—p)'(X'X)(b—B) ~ o’x;,, independentof (y—Y)'(y—Y)~ o’y ,,

b:(bl) A=
b2

All A12
AZI A22

Cll C12
CZl C22

C=

b,—B, ~ N(0, O_Zczz) and (bz_Bz)'(ngl)(bz_Bz) ~ UZXf)—q

The "straight" regression line p9

x=1 x| A=x'x=|1|1 x=(1'} VX)anq g=x"y=(1Y
X x'l x'x x'y

_ - viv_|1'1 0 o 1l'y _y
X=[1 x—-Xx1] A=X"'X= dg=X'y= b=

b x-x1) (0 (x-x1) (x-x1)] " BTN ((x—il)'y) (bl)
(y=Y)'(y-Y)=y'y-b'g=y'y—yl'y—b,(x—x1)'y

1'1
z=Q'y Q=D"*1 x-%x1 A| where Any(n-2 and D=diag|(x—%1)'(x—Xx1)
diag A'A

Q'Q=Iandso A'1=0y ,, A'(x—X1)=A'x=0y_,,

Bo

1

= =0

Zl) wherez,=A'y so E(z,)=A'Xp=A'l1 x|
z,

Varz=Qo’IQ'=0°QQ'=c¢’l z ~ N(E(z),0’I) z,'z, ~ 0°x%_, 2'z=yQQ'y=y'y
[add further separation of components of z]

Testing the assumption Ey=p,+,;x pll

Y 1, x1,

Y2 1, x1, ZTi
y=| | X=|- : X'y=| =' where T,=1,"y,

Y« 1, x 1,



1 x, T,
=1 x| andsz'y:(lz)T where T=
X
1 x4 T,
1, 0 0 0
E'y=T and E[1 X)ZX where E= 0 1, 0 0
0 0 0 . . . 1 /n«
A\l — 1' 1 A\l — 1' ] J— 1' 3 | [—
X'y= o E'y X'X= iy E'El1 x|= o diag(n)(1 x| wheren'=(n, n, . . . n,
Q o0 . . . 0
_ - 0 Q 0 . 'O — ) —
Q=E,[1 x—x1 A, 2 (Qi)y x(n—y) with 1,'Q;=0 and Q;'Q;=I
0 0 . . . Qnivp

z=Q'y z':(z1 Z, Z' z4') 2;=A'E'y and z,=diag(Q,' ... Q\')y [check this]

Orthogonal Functions p14

Y =x'b=P' B with P'=(P, P, . . . Py|sothen X=P'P andG=P'y
P,=Ax, P=XA' b=A'B B=(A")"'b

choose P sothatP'P=diag(d)=D A may be lower triangular

z=Q'y whereQ=D""*(P,A) where A'P=0

Z,
z,

7= withz,=A'y so that E(z,)=A'XB=A"P(A') 'B=0

1 ~ 2.,2
Z, 2, ~ O AN-p-1

Orthogonal Polynomials p18

3

x'=1 x ¥ x Xp) €=Ax when \,=1 ¥g'=FdiagA(N)

The Fundamental Distribution Theorem p21



X= X Y=x'b Y—xl'bi b (bl)
X, b2
(y Yl)'(y Y')-(y-Y)(y-Y)

= (Y-y1)(Y-y1)—(Y'-31)'(Y'-y1)

= (Y-Y')'(Y-Y!

= bzlcgzlbz

= bz'g;

= 8,'Cpg, Wheregzz(:;zlbz

p=("1| y=p'B Y'=p,'B, B=|P| G=p'y=DB D={D ]‘)’
2 1 2

(y-Y)'(y-Y)=y'y-B'G=y'y-B,'G,—-B,'G,=y'y—-B'DB=y'y—B,'D,B,—B,'D,B,
(y-=Y")'(y-Y')=y'y-B,'G,=y'y-B,'D,B,

(Yy-yY'(y-vy')=(pr,B,) '(P,B,)=B,'D,B,=B,'G,

A,B,=G, A,=P'P=AX'XA G,=P'y=AX'y=Ag, [more steps needed?]

The solution of normal equations p25

X' Qp Ay Ap Ay g 1 0 0 0
Xy II a, a; a, a; g 0100
X, (X X X, X Y)|6’f4=a20 a, a, a, g 0 0 1 0
X3’ | ay a8 ap ay g 0 0 0 1
y' 8 & & & yy 0000
/N 0" 0| N Nx 1y

-x I 0J]|INx X'X X'y

-y 0" 1/ly'l y'X y'y

1 X' y 1 X' y
=0 X'X-NgxX' X'y—Nyx|=/0 (C.X)( (

N
0 y)'(



(X,'X,)" 0 0)/X,'X, X,'X, X,y
_XZ'XI(XI'XI)_l I 0 XZ'XI XZ'XZ XZ'y
—y' X, (XX, 0 1fly'X, yX, y'y

o

Ay bi
=10 X,,'X,; X,,'y| where A12.1:(X1'X1)_1X1'X2 and X,,=X,—X A,
0 y'X,, yPy

I —Ap (X' X)) ' O[T Ay, b}
=0 <X2.1'X2.1)_1 010 X,,'X,; X,,'y
0 Y'XZ.I(XZ.I'XZJ)_I 1110 y'X,; y'Py

0 blzbi_AIZ.le
=10 I bZZ(XZ.l‘X2.1>_1XZ.1'y
0 y'P,y



(X,'X,)" 0 0
-X,'X,(X,/'X,) " 1T 0
_X:%'X1(X1'X1)71 0
_y'XI(XI'XI)_l 0" o

X Xy XX, X'X; X,y
XX X'X, X'X3 X,y
X3' X, X3'X, X3'X; X5'y
yX: yX, yX; yy

_ o o O

Ap, Ay b(ll)
Xo1' Xon Xoi' X351 Xo1'y A12.1:(X1'X1)71X1' X, and X,,;=X,—X;Ap;
X1 Xon X310 X5, X5,y A =(X Xl)_l X;'X; and X;3;=X;— X A3,
y' X214 y' Xs1 Y'Pyy

OO

2 01 Apy Ay b(ll)
0 (X51'X54) 0 0//0 X,,'X,; Xy,'X3; Xu'y
0 _X3.1'X2.1(X2.1'X2.1)_1 I 0|0 X,,'X,; X;,'X;; X5,y
0" —y'X,,(X,,'X,)"" 0" 110 y'X,  y'Xz  yPy
10 A, bY .
' A,,=(X,.'X,,)'X,,'X o~ ,

0 I A23'2 bg) ZX _;1 ilA ;1 H b(ZZ):(XZ.l Xz.l) 1X2,1 y

, , 132731 T A1 Aoz 2)_4.(1) (2)
0 0 X3,'X;, Xs32'y X.. =X. -X.. A bi"=b; - A, b;

, , 327 A31 T A1)
0 0 y'X;, y'Py
I 0 —Au,(Xs,'Xg,) ' 0T 0 A 132 b(lz)
0 I —A,,(X;,X;,) "0lo 1 Ay, b(ZZ)
0 0 (X5, X?,.z)i1 0/0 0 X,,'X;, X;,'¥
0" o _Y'Xs.z(Xs.z'Xa,.z)il 1110 0 y'X;, y'Pyy

=

blzb(lz)_AIB.ZbB
bzzb(ZZ)_Azs.z b,
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I _A12.1(X2.1'X2.1)_1 0 <X1'X1)_1:C(111) 00
0 <X2.1' X2.1)_1 0 _A12.1 ' I o0
0 —Agy,' I —Agy’ 0 I
C(121):C511)+ A12.1 ( X2.1'X2.1)_1A12.1 ' _A12.1 (X2.1' X2.1)_1 0
~(Xp1'X50) " Appy ngz):(xuvxu)_l 0
- A13.2' _A23.2' I
I 0 —Ap,(Xy,'Xs,)" c) — A (Xoy' Xp0) !
I _A23.2(X3.2' X:;.z)_1 _(X2.1’X2.1)_1 A12.1’ C(zzz)
0 (X3.2'X3.2)_1 _A13.2' _Aza.z'
Cu=CP4A,,(X:,' Xso) "Apy’ CE+ AL (Xan' Xas) Ay
11— L1 13.2( 3.2 3.2) 13.2 12 13.2( 3.2 3.2) 23.2
C(li) + Aza.z( X3.2 ' X3.2)_1 A13.2 ' sz = C(222)+A23.2(X3.2 ' X3.2)_1 A23.2 '
- (Xa.z' Xa.z)_l A13.2' _( X?,.z'Xe..z)_1 A23.2'
I —A c? ~A,,,C? 0
0 13.2 C33 11 12.1 ~22
0 I _A23.2C33 _C(ZE)AIZ.I' C(zi) 0
00 C33 — Az —Ay,' I
2 Il 2 1
C11 = C(11)+ A13..2(:33 A13.2 C(12)"' A13.2 C33 A23.2 _A13.2 Caa
2), ' — (2 1
C(u) +A23.2 C33 A13.2 sz_c(zz)+A23.2C33A23.z _A23.2C33
_C33 A13.2' _C33A23.2' C33

Extension of the use of indicator variables

_A232(

A132(X32'X32>
z>
Cy=(X, )
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0 00O0O0OOOOOOOOOOOODO
0 00O0OOOOOOOOOOODODDO

0
0
0
0
0
0
1
0
0

0
0
0
0
0
1

100 0O0O0OO0OOOOOOOOOT OO
01000O0OO0OOO0OO0OOOOOOOOPO

0
-1

-10 01 0O0O0O0O0OO0OOOOOOOT OO0

0
0

0

0
-1

0

0 0010O0OO0OO0OO0OO0OOOOOOOO
000O0O1O0OOOOOOOOOOPO

-1 0 00 0O01O0O0O0OO0OO0OOO0OO0OOTO0ODO

0
0

0

0
-1

000O0O0OO0O1O0OO0OO0OO0OOOOO0OODO
0 00O0O0OOOT11TO0GO0OO0OO0OO0OO0OSOODO0ODO

-10 00 0 O0O0OO0OO0OI1O0O0OO0OO0OUO0OO0OGO0OO

0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0

0 00O0O0O0OOOOO1TO0O0OO0OO0OO0OO0DO

0 00O0O0OOOOOOTILTIOOOOOOODDPO

0 00O0O0OOOOOOOTILTIOO0OO0OO0ODO

0 00O0O0OOOOOOOOTIITI O0O0O0ODTPO

0 000 O0OO0OOOOOOOOTI1ITO0OTG OO

0 00O0O0OOOOOOOOOOI1TIO0U®

0 00O0OOOOOOOOOOOOTIITO

0 00O0OOOOOTOSOTOSOOOTQ 0?1




rc = ny, rc < ny rc <~ n, rc <~ n, rc“~ n, rc “~ n,
Loy L 11 s 1 A1 iy 1 R o
r n, rc = n, rc “~ n, rc~ n, rc~ n, rc“~ n,
R o oLy L s 1 Ay 1 iy 1 R
rc <~ ny, r n,, rc <~ n, rc~ n, rc~ n, rc “~ n,
1yt 1y 1 To-Liy L 11 sy 1 R o
rc <~ ny, rc = n,, r n rc~ n, rc~ n, rc“ n,
Iy 1 1y T Iy 1 gL L 1y L 1y 1
rc <~ n, rc = n,, rc < n, ¢’ “n, rc~ n, rc < n,
s 1 Ay 1 s 1 R lp-Lhsd s 1
rc < n, rc = n,, rc < n, rc~ n, ¢ “n, rc “~ n,
iy iy iyt 1yl i1 Lo Ly L
rc <~ ny, rc = n,, rc < n, rc~ n, rc“~ n, ¢ “n,
1 1 1 1 1 1
n,——(1-2)>) — 1re), 1/ny Ure ), 1Un, 1/n,—=(1-=)), — 1/rc Y, 1/n, /e ). 1/n,
d r n; r ¢ ny
1 1 1 1 1 1
1/n12—g(1—?)zn— /ey, 1/ny Ure ). 1/n, /ey 1/n, 1/nu—;(1—z)z - /ey 1/n,
1j i2
1 1 1 1 1 1
1/n1c*E(1*?)Zn_ 1/rc), 1/ny Ure), 1/n, 1/re )’ 1/n 1/re ) 1/n, 1/nkf?(1fz)zn—
1 ic
1 1 1 1 1 1
1re). 1/ny 1/n21—E(1—?)zn— Ure ). 1Un, 1/n21—?(1—€)zn— /ey 1/n, /e Y 1/n,
2j il
1 1 1 1 1 1
1/re). 1/ny 1/“22_5(1_?)2? Ure ). 1/n, /ey 1/n, 1/n22—?(1—g)zn— /ey 1/n,
2 i2
1/re). 1/n,, 1/n2c—%(1—%)z‘ni Ure ). 1/n, /e ) 1/n, /e Y 1/n, 1/1‘12C—%(1—%)Z:ni
2j ic
1 1 1 1 1 1
1re). 1/ny 1re). 1/ny 1/“”_3(1_?)2‘? 1/n”—;(1—E)2n— /e ) 1/m, l/re Y. 1/n,
i i1
1 1 1 1 1 1
1/rc) 1/n, 1/rc)’ 1/n, Un,——(1--)>, — e ) 1/n, Un,—=(1--)> — /e ) 1/n,
c r n, r c D
1re), 1/ny 1re), 1/ny 1/nrc—%(1—%)zni e ) 1/n, 1/rc Y 1/n, 1/nl_c—%(1—%)zni
1j ic
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 1/c 1/c 1/c
0 1 0 1/c 1/c 1/c
0 0 1 1/c 1/c 1/c
1/r 1/r 1/r 1 0 0
1/t 1/r 1/r 0 1 0
1/r 1/r 1/r 0 0 1




By row operations, we now have taken the augmented X'X matrix to the form:

A, A, (X'X H'|_(I AH
Ay Ap)\ H 0 0 A,H
We still need:
B, B, (X'X H'):(I 0)
B,, By, H 0 0 1
but:
B11:A11_A11H'(A21H')71A21 and BZI:(AZIH')71A21

A, H' isan (r+c+1)x(r+c+1) matrix of the form 0 ) where the lower right hand matrix is of the form:

(I

0 C
1 0 0 1/c 1/c 1lc

0 1 0 1/c 1/c 1lc

0 0 1 1/c 1/c 1/c

1/r 1/r 1/r 1 0 0

1/r 1/r 1/r 0 1 0
1/r 1/r 1/r 0 0 1

The inverse is:

2 1 1 —r/c —r/c —r/c
1 2 1 —r/c —r/c —r/c
1 1 2 —r/c —r/c —r/c

-1 -1 -1 1+(r=1)/c (r—1)/c (r—1)/c
-1 -1 -1 (r—1)/lc 1+(r=1)/c (r—1)/c
-1 -1 -1 (r—1)/c (r=1)/c 1+(r—1)/c

an (r+c-1)x((r+c-1) matrix: upper left matrix is (r-1)x(r-1); lower right matrix is cxc



N n, n, n, n, n, n. 0 O|m| |T
n, n, 0 O n, n, n, 1 O |T,
n, 0 n, 0 n, n, n, 1 0| [Ty
n, 0 O n n, n, n, 1 OfFT| |T,
n, n, n,, n, n, 0 O O 1(|&|FT,
n, n, n, n, 0 n, 0 0 1|c| |T,
n, n. n, n. 0 0 n, 0O 1[|C| |T,
0o 1 1 0 0 0 0 0fA 0
0 0 0 0 1 1 1 0 0|, 0
/N 0 0 0 O0O0OUO OO N n, n, n, n, n, n, 0 O
-n,/N 1 0 0 0 0 O0 OO n, n, 0 O ny np n. 1 0
-n,/N 0O 1 0 0 0 0 0O n, 0 n,b 0 ny, n, n, 1 0
-n,/N 0O 0O 1 0 O0O0O0O n, 0 0 n n, n, no 1 0
-n,/N 0 0 0 1 0 0 0O n, n, n,, n;, n, 0 0 O 1
-n,/N 0 0 0 0O 1 00O n, n, n, n,b, 0 n, 0 0 1
—D.C/N 0 00O 0100 n. n, n, n. 0 0 n._ 0 1
0 0 000 O0OOT1TFPO O 1 1 1 0 0 0 00
0 0 000 O0OO0O 01 O 0 0 o0 1 1 1 0 0
1 n, /N n,/N n, /N n,/N n,/N n./N
0 nl—ni/N —n,; n, /N -n,n/N ny-n;n,/N np,—nn,/N n,—n;nJ/N
0 -n,n,/N n,—n;/N -n,n /N n,-n,n,/N n,-n,n,/N n,—n,n_/N
0 -n,n/N —n,n /N nr'—nrz_/N n,-nn,/N n,-nn,/N n_.—nn/N
0 n,—n,n/N ny,—n,n,/N n,—nn,/N n.l—ni/N —n,n,/N —n,n /N
0 np,—n,n,/N n,—n,n,/N n,—n,n,/N —n,;n,/N n,—n5/N —n,n /N
0 n,—nn/N n,—nn/N n.-nn/N -n,n/N —n,n /N n_c—n_2C/N
0 1 1 1 0 0 0
0 0 0 0 1 1 1

OO O O O = = = O
OO R R R O O O O



Zrk(Tki_%T)—f—z (T __T Z r, Ty +ZC T,— (Z rknk.+zc.1n_1)
=1 k=1 I=1

k:1
k=1 N
TZ
:mT"FZrka""ZC.lT'l__
k=1 I=1 N
Proportional Frequencies
.M M A W [ b
A A A M M M
A A A A A A
0 N—(1--}) —-N—-2 —N—--= 0 0 0
A( A) A A A A
A A A A A
0 -N-1-2? N2(1--2%) -—-N2-1- 0 0 0
A A A A A A
Al?\r ?\2?\r ?\r ?\r
0 -—-N-1-—L ~-N-2-—L N-Z(1--9) 0 0 0
A A A A AT A
0 0 0 NEg-By yEBR g e
M~ M MM MM
0 0 0 0 ) N I N FE L AP (R 3
MM M~ M MM
0 0 0 0 N Ee o g HeHe g e g Koy
M M MM M M
0 1 1 1 0 0 0
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