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Notation p1
y   x0  x1  x2 . . .  xp    x '= x0 x1 x2  . . . xp 

y   x0  x1  x2  . . .  xp    x '=x0 x1 x2  . . . xp    =1... N

This data can be organized as a column vector y and a matrix  X with N rows and p+1 columns. 
At times, there is advantage to viewing X as a column of N row vectors x ' each of length p+1 or
as a row of p+1 column vectors  x i each of length N.

y=
y1

y2

y3

.

.

.
yN

    X=
x01 x11  . . . xp1

x02 x12  . . . xp2

x03 x13  . . . xp3

. . . .

. . . .

. . . .
x0N x1N  . . . x pN

=
x1 '
x2 '
x3 '

.

.

.
xN '

=x0 x1 x2 . . .  xp 

Until one of the last sections in the notes, DeLury assumes X  has full column rank. i.e that the 
columns of X are linearly independent.

The usual restricted regression question p2

A regression is a conditional mean E y |x '
A linear regression is E y |x '=x '  where  '= 0 1 2 . . .  p 
The variance about regression is the conditional variance Var y |x '= 2

Assumptions about the sample p3

E y |x '=x '   or y=x '  with E=0  and E=
2 so that E   '=

2 INxN
where  '=1 2 3 . . .N    and INxN is an NxN identity matrix

E y =X    or y=X

The fit is Y=x 'b and so Y=x 'b and Y=Xb  whereY '= Y1 Y2 Y3 . . .YN 

The principle of least squares p4

E=Sy−Y
2
=y−Y 'y−Y 



DeLury proceeds using calculus
∂ E
∂ b j

=−2Sy−Y
∂ Y

∂ b j

=−2Sy−Yx j=−2y−Y  'xj   j=0,1,2. .. p

note: x j is the jth column of X

Collecting these p+1 equations as a row, we get: y−Y 'X=0 '
Or writing as a column (or taking the transpose): X 'y−Y =0

and so X 'Y=X 'y   and sinceY=Xb   X 'Xb=X 'y

and then Ab=g   whereA=X 'X   andg=X 'y

so if AC=CA=I , then: b=Cg

To avoid calculus, one can 'complete the square' [Fraser(1976) p378]:

E=y−Y  'y−Y=y−Xb 'y−Xb

= b−X 'X 
−1X 'y 'X 'X b−X 'X

−1X 'y y 'y−y 'XX 'X
−1X 'y

The positive definite quadratic form z 'X 'Xz  is 0  only if z=0 .

Best Linear Unbiased Estimates p5
[Matrix notation enables a complete solution]

b=Wy   whereW '=w0 w 1 w2 . . .wp   and b i=wi 'y

Using E b= then E b=WX= and so WX=I
Varb=Var Wy =2WW ' [Fraser(1976) p200]

Using a 'complete the square' approach again [Fraser(1976) p386]:

WW '=W−X 'X
−1X 'W−X 'X

−1X ' 'X 'X
−1

=CC 'X 'X 
−1

CC '  is an inner product matrix [Fraser (1976) p520] and so is positive semi-definite.

[DeLury offers an approach via Lagrange Multipliers that establishes p+1 conditions that are consistent
with the least squares solution]

Variances and covariances of the b's p6

Varb=X 'X
−1X '2 I X X 'X

−1
=

2
X 'X 

−1

Estimation of the error variance p7

y−Y  ' y−Y=y−Y 'y−y−Y  'Y=y−Y 'y−y−Y 'Xb
=y−Xb 'y−y−Y 'Xb=y 'y−b 'X 'y−0=y 'y−b 'g

[the case x0=1 ??]



Tests of significance p8

b  ~ N  ,   2X 'X−1 and so b−  ~ N 0,   2X 'X −1

accordingly b− 'X 'X b− ~  2p1
2 independent of y−Y ' y−Y ~  2 N−p−1

2

b=b1

b2
   A=A11 A12

A21 A22
   C=C11 C12

C21 C22


b2−2  ~ N 0,   2C22 and b2−2 'C22
−1

b2− 2 ~ 2
p−q

2

The "straight" regression line p9

X=1 x    A=X 'X=1 '
x ' 1 x =1 '1 1 'x

x '1 x 'x  and g=X ' y=1 ' y
x 'y 

X=1 x−x 1    A=X 'X=1 '1 0
0 x−x1 ' x−x1 and g=X ' y= 1 'y

x−x 1 'y    b= yb1


y−Y  ' y−Y=y 'y−b 'g=y 'y−y1 'y−b1x−x1 'y

z=Q 'y    Q=D−1 /2 1 x−x1 A    where  ANx N−2   and  D=diag  1 '1
x−x1 'x−x1

diagA 'A 
Q 'Q=I  and so  A '1=0N−2x1    A ' x−x1=A 'x=0N−2x1

z=z1z2   where z2=A 'y   so E z2=A 'X =A ' 1 x 0

1
=0

Var z=Q 2IQ '=2QQ '= 2I   z  ~ N Ez,2 I    z2 ' z2  ~  2N−2
2   z ' z=yQQ 'y=y 'y

[add further separation of components of z]

Testing the assumption Ey=01 x p11

y=
y1

y2

.

.

.
yk

    X=
11 x111
12 x212

. .

. .

. .
1k xk1k

    X 'y= ∑
i=1

k

T i

∑
i=1

k

xi Ti  where Ti=1i 'y i




1 x1

1 x2

. .

. .

. .
1 xk

=1 x     and soX ' y=1 '
x 'T    whereT=

T1

T2

.

.

.
Tk


E 'y=T    and E 1 x =X   whereE=

11 0 0 . . . 0
0 12 0 . . . 0
. . . . . . .
0 0 0 . . . 1k


Nxk

X 'y=1 '
x 'E 'y    X 'X=1 '

x 'E 'E 1 x =1 '
x 'diagn 1 x     wheren '= n1 n2 . . . nk 

Q=ENxk 1 x−x 1 A kxk 
Q1 0 . . . 0
0 Q2 . . . 0
. . . . . .
0 0 . . . Qk


Nx N− k

  Qin i xn i−1  with 1i 'Qi=0   and Qi 'Qi=I

z=Q 'y    z '= z1 z2 z3 ' z4 '    z3=A 'E 'y    and z4=diagQ1 '  . . . Qk 'y [check this]

Orthogonal Functions p14

Y=x 'b=P 'B   with P '= P1 P2 . . . PN   so then X=P 'P   andG=P 'y

P= x   P=X '   b= 'B   B= '−1b

choose P  so thatP 'P=diagd=D    may be lower triangular

z=Q 'y   whereQ=D−1/2P ,A  whereA 'P=0

z=z1z2   with z2=A 'y  so that Ez2=A 'X =A 'P  '−1
=0

z2 ' z2 ~ 2 N−p−1
2

Orthogonal Polynomials p18

x '=1 x x2 x3 . . . xp     = x   when ii=1    '= diag N

The Fundamental Distribution Theorem p21



x=x1

x2
   Y=x 'b   Y1

=x1 'b1
1   b=b1

b2


y−Y1 'y−Y1−y−Y 'y−Y

=  Y−y 1 'Y−y1−Y1
−y1 ' Y

1
−y1

=  Y−Y1
 ' Y−Y1



=  b2 'C22
−1b2

=  b2 'g2
*

=  g2
* 'C22g2

*  whereg2
*
=C22

−1b2

P=P1

P2
   Y=P 'B   Y1=P1 'B1   B=B1

B1
   G=P 'y=DB   D=D1 0

0 D2


y−Y ' y−Y =y 'y−B 'G=y ' y−B1 'G1−B2 'G2=y 'y−B 'DB=y ' y−B1 'D1B1−B2 'D2B2

y−Y1
 'y−Y1

=y ' y−B1 'G 1=y 'y−B1 'D1B1

Y−Y1
 'Y−Y1

=P2B2 'P2B2=B2 'D2B2=B2 'G 2

ApBp=Gp   Ap=P 'P= X 'X    Gp=P ' y= X 'y= gp [more steps needed?]

The solution of normal equations p25


x0 '
x1 '

x2 '
x3 '

y '
 x0 x1 x2 x3 y 

|
|
|
|

I4x4
0 ' =

a00 a01 a02 a03 g0 1 0 0 0
a10 a11 a12 a13 g1 0 1 0 0

a20 a 21 a22 a23 g2 0 0 1 0
a30 a31 a32 a33 g3 0 0 0 1

g0 g1 g2 g3 y 'y 0 0 0 0



1/ N 0 ' 0
−x I 0
−y 0 ' 1

N N x 1 'y
N x X 'X X 'y
y '1 y 'X y ' y 

= 
1 x ' y
0 X 'X−N xx ' X ' y−N y x
0 y 'X−N x 'y y ' y−N y2   =

1 x ' y
0 CNX  ' CNX CNX ' CNy
0 CN y 'CNX  CN y 'CNy  

CN=I−JN   JN=11 '/ N




X1 'X1

−1 0 0

−X2 'X1X1 'X1
−1 I 0

−y 'X1X1 'X1
−1 0 ' 1X1 'X1 X1 'X 2 X1 'y

X2 'X1 X 2 'X 2 X2 'y
y 'X1 y 'X2 y 'y 

 =  I A12.1 b1
1

0 X2.1 'X2.1 X2.1 'y
0 y 'X2.1 y 'P1y

  where A12.1=X1 'X1
−1X1 'X2  and X2.1=X2−X1A12.1

 = 
I −A12.1X2.1 'X 2.1

−1 0

0 X 2.1 'X2.1
−1 0

0 y 'X2.1X2.1 'X2.1
−1 1 I A12.1 b1

1

0 X2.1 'X2.1 X2.1 'y
0 y 'X2.1 y 'P1y


 = 

I 0 b1=b1
1
−A12.1b2

0 I b2=X 2.1 'X2.1
−1X2.1 'y

0 0 y 'P2y





X1 ' X1

−1 0 0 0

−X 2 ' X1X1 'X1
−1 I 0 0

−X 3 ' X1X1 ' X1
−1 0 I 0

−y 'X 1X1 'X1
−1 0 ' 0 ' 1


X 1 ' X1 X1 'X2 X1 'X3 X1 'y
X 2 ' X1 X2 'X2 X2 'X3 X2 'y
X 3 ' X1 X3 'X2 X3 'X3 X3 'y
y 'X 1 y 'X2 y ' X3 y ' y




I A12.1 A13.1 b1

1

0 X 2.1 ' X2.1 X 2.1 ' X3.1 X2.1 'y
0 X 3.1 ' X2.1 X 3.1 ' X3.1 X3.1 'y
0 y ' X2.1 y ' X3.1 y 'P1y

 A12.1=X1 'X 1
−1 X1 ' X2   and X 2.1=X2−X1A12.1

A13.1=X1 'X1
−1 X1 ' X3   and X 3.1=X3−X1A13.1


I −A12.1X 2.1 ' X2.1

−1 0 0

0 X2.1 'X2.1
−1 0 0

0 −X3.1 'X 2.1X2.1 'X 2.1
−1 I 0

0 ' −y 'X 2.1X2.1 'X2.1
−1 0 ' 1


I A12.1 A13.1 b1

1

0 X2.1 'X2.1 X2.1 'X3.1 X 2.1 'y
0 X3.1 'X2.1 X3.1 'X3.1 X 3.1 'y
0 y 'X 2.1 y 'X 3.1 y 'P1y



I 0 A13.2 b1

2 

0 I A23.2 b2
2 

0 0 X 3.2 'X3.2 X3.2 ' y
0 0 y 'X3.2 y 'P2y

 A23.2=X 2.1 ' X2.1
−1 X2.1 'X3.1

A 13.2=A13.1−A12.1A 23.2

X 3.2=X3.1−X 2.1A23.2

b2
2=X2.1 'X2.1

−1 X2.1 'y

b1
2

=b1
1

−A12.1 b2
2


I 0 −A13.2X3.2 ' X3.2

−1 0

0 I −A23.2X3.2 ' X3.2
−1 0

0 0 X 3.2 'X 3.2
−1 0

0 ' 0 ' −y 'X3.2X3.2 'X 3.2
−1 1


I 0 A 13.2 b1

2

0 I A 23.2 b2
2

0 0 X3.2 'X3.2 X3.2 'y
0 0 y ' X3.2 y ' P2y



I 0 0 b1

0 I 0 b2

0 0 0 b3

0 0 0 y 'P3y
 b1=b1

2 −A13.2b3

b2=b2
2 

−A23.2b3

b3=X3.2 ' X3.2
−1X3.2 'y




I −A12.1X2.1 'X2.1

−1 0

0 X2.1 ' X2.1
−1 0

0 −A23.2 ' I 
X 1 ' X1

−1
=C11

1 0 0
−A12.1 ' I 0
−A13.1 ' 0 I 


C11

2
=C11

1
A12.1X2.1 'X2.1

−1 A12.1 ' −A 12.1X2.1 ' X2.1
−1 0

−X2.1 'X2.1
−1 A12.1 ' C22

2 
=X2.1 'X 2.1

−1 0
−A13.2 ' −A 23.2 ' I 


I 0 −A13.2X3.2 'X 3.2

−1

0 I −A23.2X3.2 ' X3.2
−1

0 0 X3.2 'X3.2
−1 

C11
2

−A12.1X 2.1 ' X2.1
−1 0

−X2.1 'X2.1
−1 A12.1 ' C22

2 0
−A13.2 ' −A23.2 ' I 


C11=C11

2
A13.2X3.2 'X 3.2

−1 A13.2 ' C12
2

A13.2X3.2 'X 3.2
−1 A 23.2 ' −A13.2X3.2 'X 3.2

−1

C12
2 'A23.2X3.2 'X3.2

−1 A13.2 ' C22=C22
2 

A 23.2X3.2 'X3.2
−1 A23.2 ' −A23.2X3.2 'X 3.2

−1

−X 3.2 ' X3.2
−1 A13.2 ' −X3.2 'X 3.2

−1 A23.2 ' C33=X3.2 'X3.2
−1 


I 0 −A13.2C33

0 I −A23.2C33

0 0 C33


C11
2

−A12.1C22
2 0

−C22
2A12.1 ' C22

2 0
−A13.2 ' −A23.2 ' I 


C11=C11

2
A13.2C33 A13.2 ' C12

2
A13.2C33 A23.2 ' −A13.2C33

C12
2 'A23.2C33 A13.2 ' C22=C22

2 
A23.2C33 A23.2 ' −A23.2C33

−C33 A13.2 ' −C33A 23.2 ' C33


Extension of the use of indicator variables




N n1 n2 n3 . . . nk 0 g0

n1 n1 0 0 . . . 0 1 g1

n2 0 n2 0 . . . 0 1 g2

n3 0 0 n3 . . . 0 1 g3

. . . . . . . . . .

. . . . . . . . . .
n k 0 0 0 . . . nk 1 gk

0 1 1 1 . . . 1 0 0




0

1
kn1

1
kn 2

1
kn3

. . .
1

kn k

−
1
k

0
1
n1

0 0 . . . 0 0

0 0
1
n2

0 . . . 0 0

0 0 0
1
n3

. . . 0 0

. . . . . . . . .

. . . . . . . . .

0 0 0 0 . . .
1
nk

0

−
1
k

1
k

1
k

1
k

. . .
1
k

0

 
N n1 n2 n3 . . . nk 0 g0

n1 n1 0 0 . . . 0 1 g1

n2 0 n2 0 . . . 0 1 g2

n3 0 0 n3 . . . 0 1 g3

. . . . . . . . . .

. . . . . . . . . .
n k 0 0 0 . . . nk 1 gk

0 1 1 1 . . . 1 0 0






1 0 0 0 . . . 0

1
k
∑ 1

n j

1
k
∑

g j

n j

1 1 0 0 . . . 0
1
n1

g1

n1

1 0 1 0 . . . 0
1
n2

g2

n2

1 0 0 1 . . . 0
1
n3

g3

n3

. . . . . . . . . .

. . . . . . . . . .

1 0 0 0 . . . 1
1
n k

gk

nk

0 0 0 0 . . . 0 1
1
k

∑ g j−g0




1 0 0 0 . . . 0 −
1
k
∑ 1

n j

−1 1 0 0 . . . 0 −
1
n1

−
1
k
∑ 1

n j



−1 0 1 0 . . . 0 −
1
n2

−
1
k
∑ 1

n j



−1 0 0 1 . . . 0 −
1
n3

−
1
k
∑ 1

n j



. . . . . . . . .

. . . . . . . . .

−1 0 0 0 . . . 1 −
1
nk

−
1
k
∑

1
n j



0 0 0 0 . . . 0 1

 
1 0 0 0 . . . 0

1
k
∑ 1

n j

1
k
∑

g j

n j

1 1 0 0 . . . 0
1
n1

g1

n1

1 0 1 0 . . . 0
1
n2

g2

n2

1 0 0 1 . . . 0
1
n3

g3

n3

. . . . . . . . . .

. . . . . . . . . .

1 0 0 0 . . . 1
1
n k

gk

nk

0 0 0 0 . . . 0 1
1
k

∑ g j−g0






1 0 0 0 . . . 0 0

1
k
∑

g j

n j

−


k
∑ 1

n j

1 1 0 0 . . . 0 0
g1

n1

−
1
k
∑

g j

n j

−
1
n1

−
1
k
∑ 1

n j



1 0 1 0 . . . 0 0
g2

n2

−
1
k
∑

g j

n j

−
1
n2

−
1
k
∑ 1

n j



1 0 0 1 . . . 0 0
g3

n3

−
1
k
∑

g j

n j

−
1
n3

−
1
k
∑ 1

n j



. . . . . . . . . .

. . . . . . . . . .

1 0 0 0 . . . 1 0
gk

n k

−
1
k
∑

g j

n j

−
1
nk

−
1
k
∑ 1

n j



0 0 0 0 . . . 0 1
1
k

∑ g j−g0




1 0 0 0 . . . 0 −
1
k
∑ 1

n j

−1 1 0 0 . . . 0 −
1
n1

−
1
k
∑ 1

n j



−1 0 1 0 . . . 0 −
1
n2

−
1
k
∑ 1

n j



−1 0 0 1 . . . 0 −
1
n3

−
1
k
∑ 1

n j



. . . . . . . . .

. . . . . . . . .

−1 0 0 0 . . . 1 −
1
nk

−
1
k
∑

1
n j



0 0 0 0 . . . 0 1

 
0

1
kn1

1
kn 2

1
kn3

. . .
1

kn k

−
1
k

0
1
n1

0 0 . . . 0 0

0 0
1
n2

0 . . . 0 0

0 0 0
1
n3

. . . 0 0

. . . . . . . . .

. . . . . . . . .

0 0 0 0 . . .
1
nk

0

−
1
k

1
k

1
k

1
k

. . .
1
k

0






1
k2 ∑

1
n j

1
kn1

−
1
k2 ∑

1
n j

1
kn2

−
1
k2 ∑

1
n j

. . .
1

kn k

−
1
k2 ∑

1
n j

−
1
k

1
kn1

−
1

k2 ∑
1
n j

1
n1

1−
2
k


1

k 2∑
1
n j

. . . . .
1
k

1
kn2

−
1
k2 ∑

1
n j

−
1
k


1
n1


1
n2


1
k2 ∑

1
n j

1
n2

1−
2
k


1
k2∑

1
n j

. . . .
1
k

. . . . . . . .

. . . . . . . .
1

knk

−
1
k2∑

1
n j

−
1
k


1
n1


1
nk


1
k 2∑

1
n j

. . . .
1
nk

1−
2
k


1
k 2∑

1
n j

1
k

−
1
k

1
k

1
k

. . .
1
k

0






N n1. n2. n r. n.1 n .2 n .c n11 n12 n1c n21 n22 n2c nr1 nr2 nrc 0 0 0 0 0 0 0 0
n1. n1. 0 0 n11 n12 n1c n11 n12 n1c 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n2. 0 n2. 0 n21 n22 n 2c 0 0 0 n21 n22 n2c 0 0 0 1 0 0 0 0 0 0 0
n r. 0 0 n r. n r1 n r2 nrc 0 0 0 0 0 0 nr1 nr2 nrc 1 0 0 0 0 0 0 0
n .1 n11 n21 nr1 n.1 0 0 n11 0 0 n21 0 0 nr1 0 0 0 1 0 0 0 0 0 0
n .2 n12 n12 nr2 0 n .2 0 0 n12 0 0 n22 0 0 nr2 0 0 1 0 0 0 0 0 0
n . c n1c n2c nrc 0 0 n .c 0 0 n1c 0 0 n2c 0 0 nrc 0 1 0 0 0 0 0 0
n11 n11 0 0 n11 0 0 n11 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0
n12 n12 0 0 0 n12 0 0 n12 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
n1c n1c 0 0 0 0 n1c 0 0 n1c 0 0 0 0 0 0 0 0 1 0 0 0 0 1
n21 0 n21 0 n21 0 0 0 0 0 n21 0 0 0 0 0 0 0 0 1 0 1 0 0
n 22 0 n 22 0 0 n22 0 0 0 0 0 n22 0 0 0 0 0 0 0 1 0 0 1 0
n2c 0 n2c 0 0 0 n 2c 0 0 0 0 0 n2c 0 0 0 0 0 0 1 0 0 0 1
nr1 0 0 nr1 n r1 0 0 0 0 0 0 0 0 nr1 0 0 0 0 0 0 1 1 0 0
nr2 0 0 nr2 0 n r2 0 0 0 0 0 0 0 0 nr2 0 0 0 0 0 1 0 1 0
n rc 0 0 nrc 0 0 nrc 0 0 0 0 0 0 0 0 nrc 0 0 0 0 1 0 0 1
0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0






0 0 0 0 0 0 0

1
rcn11

1
rcn12

1
rcn1c

1
rcn 21

1
rcn22

1
rcn2c

1
rcn r1

1
rcn r2

1
rcn rc

−
1
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−
1
c

−
1
rc

−
1
rc

−
1
rc

0 0 0

0 0 0 0 0 0 0 1
cn11

1
cn12

1
cn1c

0 0 0 0 0 0 0 −
1
c

−
1
c

0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
1

cn 21

1
cn 22

1
cn 2c

0 0 0 0 −
1
c

0 −
1
c

0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 1
cnr1

1
cn r2

1
cn rc

0 −
1
c

0 0 −
1
c

0 0 0

0 0 0 0 0 0 0
1

rn11

0 0
1

rn21

0 0
1

rn r1

0 0 −
1
r

0 0 0 0 −
1
r
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1/c 1/c 1 /c
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1/c 1/c 1 /c
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By row operations, we now have taken the augmented X'X matrix to the form:

A11 A12

A 21 A22
X 'X H '

H 0 = I A11 H '
0 A21 H '

We still need:

B11 B21 '
B21 B22

X 'X H '
H 0 = I 0

0 I 
but:
B11=A11−A11H 'A21 H '−1 A21   and  B21=A21 H '−1 A21

A21H ' is an (r+c+1)x(r+c+1) matrix of the form  I 0
0 C where the lower right hand matrix is of the form:


1 0 0 1/c 1/c 1 /c
0 1 0 1/c 1/c 1 /c
0 0 1 1/c 1/c 1 /c

1/r 1/ r 1/ r 1 0 0
1/r 1/ r 1/ r 0 1 0
1/r 1/ r 1/ r 0 0 1


The inverse is:


2 1 1 −r /c −r /c −r /c
1 2 1 −r /c −r /c −r /c
1 1 2 −r /c −r /c −r /c

−1 −1 −1 1r−1/c r−1/c  r−1/c
−1 −1 −1  r−1/c 1 r−1/c  r−1/c
−1 −1 −1  r−1/c r−1/c 1 r−1/c


an (r+c-1)x((r+c-1) matrix: upper left matrix is (r-1)x(r-1); lower right matrix is cxc




N n1. n2. n r. n.1 n .2 n .c 0 0
n1. n1. 0 0 n11 n12 n1c 1 0
n2. 0 n2. 0 n21 n22 n2c 1 0
n r. 0 0 n r. nr1 n r2 n rc 1 0
n .1 n11 n 21 nr1 n.1 0 0 0 1
n .2 n12 n12 nr2 0 n .2 0 0 1
n . c n1c n2c nrc 0 0 n .c 0 1
0 1 1 1 0 0 0 0 0
0 0 0 0 1 1 1 0 0


m
r1

r2

r r

c1

c2

cc

 r

c

=
T
T1.

T2.

T r.

T.1

T.2

T.c

0
0




1/ N 0 0 0 0 0 0 0 0
−n1./ N 1 0 0 0 0 0 0 0
−n2. /N 0 1 0 0 0 0 0 0
−nr. / N 0 0 1 0 0 0 0 0
−n .1/ N 0 0 0 1 0 0 0 0
−n .2 /N 0 0 0 0 1 0 0 0
−n .c / N 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

 
N n1. n2. n r. n.1 n .2 n .c 0 0
n1. n1. 0 0 n11 n12 n1c 1 0
n2. 0 n2. 0 n21 n22 n2c 1 0
n r. 0 0 n r. nr1 n r2 nrc 1 0
n .1 n11 n 21 n r1 n.1 0 0 0 1
n .2 n12 n12 n r2 0 n .2 0 0 1
n . c n1c n2c n rc 0 0 n .c 0 1
0 1 1 1 0 0 0 0 0
0 0 0 0 1 1 1 0 0



1 n1. /N n2./ N nr. / N n .1/ N n .2/ N n .c / N 0 0

0 n1−n1.
2
/ N −n1. n2. /N −n1. n r. / N n11−n1. n .1/ N n12−n1. n .2/ N n1c−n1. n .c /N 1 0

0 −n1. n2. /N n2.−n2.
2 / N −n2. n r. / N n21−n2. n.1 /N n22−n2. n.2 /N n2c−n2. n .c / N 1 0

0 −n1. nr. / N −n2. n r. / N n r.−n r.
2/ N nr1−n r. n .1/ N n r2−nr. n .2/ N n rc−nr. n .c /N 1 0

0 n11−n1. n .1/ N n21−n2. n .1/ N nr1−n r. n.1 /N n .1−n .1
2 / N −n .1 n .2/ N −n .1 n .c /N 0 1

0 n12−n1. n .2/ N n22−n2. n .2/ N n r2−n r. n.2 /N −n .1 n .2/ N n .2−n .2
2 / N −n .2 n .c /N 0 1

0 n1c−n1. n . c/ N n2c−n2. n. c/ N n rc−nr. n .c / N −n.1 n .c/ N −n.2 n .c /N n .c−n . c
2
/ N 0 1

0 1 1 1 0 0 0 0 0
0 0 0 0 1 1 1 0 0
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